Abstract: We investigate how the compositeness of a quantum system influences the characteristic time of equilibration. We study the dynamics of open composite quantum systems strongly coupled to the environment after a quantum perturbation accompanied by non-equilibrium heating. We use a holographic description of the evolution of entanglement entropy. The non-smooth character of the evolution with holographic entanglement is a general feature of composite systems, which demonstrate a dynamical change of topology in the bulk space and a jump-like velocity change of entanglement entropy propagation. Moreover, the number of jumps depends on the system configuration and especially on the number of composite parts. The evolution of the mutual information of two composite systems inherits these jumps. We present a detailed study of the mutual information for two subsystems with one of them being bipartite. We have found 5 qualitatively different types of behavior of the mutual information dynamics and indicated the corresponding ranges of system parameters.
Introduction
In recent years, there has been a growing interest in studying quantum entanglement entropy and quantum mutual information for various open quantum systems under conditions of environmental change and with control of it (see [1] and the references therein).
In [2] , the holographic approach was applied to photosynthesis, which is an important example of non-trivial quantum phenomena relevant for life and is studied in the emerging field of quantum biology [1, 3] . Light-harvesting complexes of photosynthetic organisms are many-body quantum systems in which quantum coherence has recently been experimentally shown to survive for relatively long time scales at a physiological temperature despite the decoherence effects of the environment.
There are successful applications of the holographic AdS/CFT correspondence to high energy and condensed matter physics [4] [5] [6] . In [2] , the holographic approach was used to evaluate the time dependence of entanglement entropy and quantum mutual information in the Fenna-Matthews-Olson complex during the transfer of an excitation from a chlorosome antenna to a reaction center. It was demonstrated that the evolution of the quantum mutual information simulating the behavior of solutions of the GKSL master equation in some cases can be obtained using dual gravity describing black hole formation in the AdS spacetime with the Vaidya metric (hereafter called AdS-Vaidya spacetime). Estimates of the wake-up and scrambling times for various decompositions of the Fenna-Matthews-Olson complex were obtained.
Many photosynthetic light-harvesting complexes are conventionally modeled by a general three-part structure comprising an antenna, a transfer network, and a reaction center. The antenna captures sunlight photons and excites pigment electrons from their ground state. The excited electrons, which combine with holes to form excitons, travel from the antenna through the intermediate transfer complex to the reaction center, where they participate in chemical reactions.
Here, based on the results in [2] and [7, 8] , we study whether the compositeness of the system increases the delocalization during equilibration. For this, we consider the dynamics of open quantum systems consisting of separate parts strongly coupled to the environment after a quantum perturbation corresponding to nonequilibrium heating (also see [9] - [13] ). We use a holographic description of the time evolution of entanglement entropy during the nonequilibrium heating.
A nonsmooth character of the evolution is a general feature of the time evolution of the holographic entanglement of composite systems. These systems exhibit a dynamical topology change in the bulk space and also a jumplike change of the velocity of the entanglement entropy propagation, and the number of jumps depends on the system configuration and especially on the number of composite parts. The evolution of the mutual information of two composite systems inherits these discontinuities.
We present a detailed study of the mutual information for two subsystems, one of which is bipartite. We show that there exist five qualitatively different types of dynamical behavior of the mutual information and indicate the corresponding regions of the system parameters.
anchored on this segment at a given instant. The action for the geodesic connecting two points (t, − /2) and (t, /2) on the boundary is given by
where
To realize these symmetric boundary conditions, we also impose the conditions z (0) = v (0) = 0. This problem was solved explicitly for a non-zero initial temperature in [7, 8] and the answer is given by
where S κ is given by
The function S κ (ρ, s) depends on the new variables (ρ, s), which are related to the variables ( , t). The new variables ρ, s describe the geodesic in the bulk space and are expressed in terms of the position of the geodesic top z * and the point z c where the geodesic crosses the lightlike shell by the formulas 11) with the restrictions z * < z H and z c < z H satisfied. The relations between ρ, s and , t can be written in the explicit form
where we use the notations
(2.14)
For t < 0, the geodesic is entirely in the bulk space of the black hole with temperature T i . The entanglement entropy is independent of t and equal to
after the minimal renormalization. The top of the corresponding geodesic z * < z H , and z * → z H as increases in correspondence with [17] .
We are interested in calculating S = S( , t). Hence, we have to find ρ = ρ( , t) and s = s( , t) first. From the equation (2.12) it is possible to find ρ = ρ(s, t). Inserting this expression for ρ into (2.13) we obtain = ((s, ρ(s, t)) = (s, t), from which we get numerically s = s( , t) and ρ = ρ(s( , t), t) = ρ( , t). And finally we can get S = S(s( , t), ρ( , t)) = S( , t).
Let be fixed and the time increases. At very small t > 0, the geodesic intersects the null shell and for t z h the point of intersection is close to the boundary, z c z h . When t is of the order of z h , the geodesic intersects the shell behind the horizon, i.e. z c > z h , and finally at some time the geodesic is entirely in the black hole (with the temperature T f ). The typical dependence of the holographic entanglement entropy on t for given and on for given t is presented in Fig.1 .
Mutual information
According to the general definition, holographic mutual information (HMI) is
where S(A) is the holographic entanglement entropy (HEE) of A, S(A ∪ B) is the holographic entanglement entropy for the union of two subsystems. This definition can be generalized for m subsystems as
We now consider the evolution of the mutual information of the system consisting of two subsystems, one of them (simple) is a segment A and the second (composite) comprises two segments B ∪ C. In this case, formula (2.17) takes the form
(2.18)
Holographic Entanglement Entropy of Composite Systems 3.1 Phase diagrams for entanglement entropy of composite systems
We consider the system of 3 segments with the lengths , m, n and the distances x, y between adjacent segments. If we omit time dependence for brevity, then the formula of the holographic entanglement entropy is (minimum of 15 items):
S( +x+m+y)+S(x+m)+S(m+y +n), S( +x+m+y)+S(x+m+y +n)+S(m),
Among all configurations in this formula, there are so-called "crossing configurations" (see [2] ). Let's check whether crossing configurations contribute to the holographic entanglement entropy in static background. For this purpose, we plot the phase diagrams ( Fig.2) showing which configurations from (3.1) contribute to the holographic entanglement entropy. Each region of the solid color corresponds to one configuration of (3.1).
From Fig.2 we can see that only the configurations without cross-section contribute to the holographic entanglement entropy. These diagrams represented in Fig.3 . This observation confirms the general statement that crossing configurations do not contribute [18, 19] . Without crossing configurations, formula (3.1) is (minimum of 5 items)
It is interesting to note that the same is also true for non-static case. Phase diagrams for holographic entanglement entropy in the Vaidya-AdS background are presented in Fig.4 and Fig.5 . 
Discontinuity of the holographic entanglement entropy of composite systems
We study how the holographic entanglement entropy changes if we divide the system into parts. We fix the total length of the system and divide it into simple or composite parts with distances between them. Holographic entanglement entropy for the disconnected regions was previously studied in [17] [18] [19] . Here, we study specific features of the case where the total system size is fixed
2 segments
Let the system consist of two parts each of which is a segment. On Fig.6 .A we plot the holographic entanglement entropy of this system, on Fig.6 .B we also plot connected and disjoint configurations. From these plots one can see that the holographic entanglement entropy has one singular point where configurations change one another. This well known fact has been noted in previous papers [18, 19] . 
3 segments
We now consider a system consisting of three segments On Fig.7 .A we plot the holographic entanglement entropy (thick curve) with two singular points (marked by vertical dashed lines) where configurations change. To see this fact clearly on Fig.7 .B we plot the same HEE as on Fig.7 .A (thick gray curve) and four curves corresponding to the first four configurations represented on Fig.3 . We can see that in different moments HEE coincides with one of those curves and at the two singular points (marked by vertical dashed lines) these curves change. Figure 7 . A. The holographic entanglement entropy with two singular points. B. The holographic entanglement entropy corresponding to the first four configurations represented in Fig.3 . Blue curve correspond to (A, B) (C), red curve correspond to (A, B, C), green curve correspond to (A) (B) (C), purple curve correspond to (A) (B, C). On both plots z H = 4.46, l = 1.77, x = 0.93, m = 3.33, y = 1.87, n = 3.76.
n segments
It follows from the explicit form of the entanglement entropy evolution that if we divide a segment of length into n parts, calculate the entropy of each part, and multiply it by n, then we obtain a value less than the entropy of the whole system: nS( /n, t) < S( , t) for n > 1. Small distances between segments reduce the entanglement entropy, but there is a distance x cr such that the entanglement entropy does not change for at least some time t < t 0 , i.e., S( , t) ≈ S(( − x cr )/2, x cr , ( − x cr )/2, t), t < t 0 .
Mutual Information of Composite Systems

Appearance of the bell-type mutual information
For the system consisting of two equal segments with lengths and distance x between them the formula for mutual information reads
I = 2 S( , t) − [S(2 + x, t) + S(x, t)].
From this formula, we can conclude that if 2 S( , t) = S(2 + x, t) + S(x, t) for two different values of t, then the plot of the mutual information has a bell shape. On Fig.8 .A we show the appearance of the bell-type time dependence of the holographic mutual information for two equal segments. We can see that the curve representing 2S( , t) (green curve) may cross the curves representing S(2 + x, t) + S(x, t) (dotted lines) for x ∈ [1, 3] . For x < 1.7 (the lower red curve) there is only one intersection, for x ∈ [1.7, 2.3] (between two red curves) there are two cross-sections and for x > 2.3 (the upper red curve) there is no intersection. The double intersection of these two lines corresponds to an appearance of the bell-shaped dependence. The lower red curve corresponds to the minimal value of distance x and the upper red curve -maximal, for which there is the bell-type time dependence of the holographic mutual information. Corresponding mutual information is shown in Fig.8 .B.
Note that for these times and length scales S(2 + x, t) and S(x, t) have linear time dependence and due to this the difference 2S( ) − (S(2 + x, t) + S(x, t)) has a maximum.
Holographic mutual information of 1+2 system 4.2.1 Case I
In this case, the first (simple) subsystem is a segment A of length , the second (composite) subsystem is a union of two segments B, C with lengths m, n respectively located on one side of segment A; in this system x, y are distances between segments A, B and segments B, C respectively (Fig.9) . Figure 9 . 1-2-segment system, case I. We have found that the behavior of the holographic mutual information has five types ( Fig.10): 1) Wake-up and scrambling times are absent, and the holographic mutual information is always positive (blue curve);
2) Wake-up time is absent, but scrambling time is present (orange curve); 3) Wake-up and scrambling times are present, and a plot of the holographic mutual information has a bell shape (green curve); 4) Wake-up and scrambling times are present, and a plot of the holographic mutual information has a two-hump shape (red curve); 5) The holographic mutual information is identically equal to zero (purple curve). Let A and B be two segments such that the corresponding holographic mutual information has a bell shape. Fig.11 .A shows an appearance of the second hump as segment C approaches segments A and B from the right (as y decreases). Fig.11 .B shows an appearance of the second hump as the length of segment C increases with the distances fixed (as n increases).
A B Figure 12 . Zones of different behavior of the HMI. Blue color corresponds to HM I > 0, brown -presence of scrambling time, orange -bell shape, green -two-hump shape, yellow -HM I ≡ 0. A. The system consists of two segments, horizontal axis corresponds to x, vertical -to m, z H = 4.46, z h = 1, = 1.77 and x, m are varied. B. The system consists of three segments, horizontal axis corresponds to x, vertical -to y, total length of the system is 12, z H = 4.46, z h = 1, = 1.77, m = 3.33, n = 12 − 1.77 − 3.33 − x − y and x, y are varied.
In Fig.12 .B, we show the zones of different behavior (see the five types above) of the holographic mutual information for the three-segment system depending on x and y. It can be seen from this picture that the two-humped zone corresponds to rather narrow intervals of parameters.
Case II
In this case, the first (simple) subsystem is a segment A of length , the second (composite) subsystem is a union of two segments B, C with lengths m, n respectively, located on opposite sides of segment A; in this system, x, y are distances between segments A, B and segments A, C respectively (Fig.13) . Figure 13 . 1-2-segment system, case II.
In this case, we have found generally the same typical holographic mutual information behavior as in the case I (Fig.14): 1) Wake-up and scrambling times are absent, and the holographic mutual information is always positive (purple curve);
2) Wake-up time is absent, but scrambling time is present (red curve); 3) Wake-up and scrambling times are present, and a plot of the holographic mutual information has a bell shape (green curve); 4) Wake-up and scrambling times are present, and a plot of the holographic mutual information has a two-hump shape (orange curve);
5) The holographic mutual information is identically equal to zero (blue curve). Let E and F be two segments such that the corresponding holographic mutual information has a bell shape. Fig.15 .A shows an appearance of the second hump as segment D approaches segments E and F from the left (as x decreases). Fig.15 .B shows an appearance of the second hump as the length of segment D increases with the distances fixed (as m increases).
In Fig.16 , we show the zones of different behavior (see the five types above) of the holographic mutual information for the three-segment system depending on x and y. It can be seen from this picture that the two-humped zone corresponds to rather narrow intervals of parameters. 
Comparison of Case I and Case II
It is interesting to compare the holographic mutual information for the two cases. We can do it in two ways.
First Way. The geometry of the system does not change, but the partition of the system into two subsystems changes (Fig. 17 )
In this case, all three situations are possible:
I(A; B ∪ C) < I(B; A ∪ C), I(A; B ∪ C) > I(B; A ∪ C), I(A; B ∪ C) = I(B; A ∪ C) (4.1) for some A, B, C and at different instants t (Fig.18 ). Second Way. The geometry of the system changes, but the partition of the system into two subsystems does not change. (Fig. 19 )
In this case, we numerically find that the following inequality is satisfied
for any A, B, C and for any time t (Fig.20) . 
Conclusion
Using the holographic approach, we studied the time evolution of the mutual information of a composite system during the heating process and showed how the mutual information between two sub-systems can be controlled by changing the geometric system parameters. We have presented a more detailed analysis for a three-segment system consisting of two subsystems, studying an asymmetric type of organization (case I) and a symmetric type of organization (case II). In both cases, we have found 5 types of behavior of the holographic mutual information for a system containing one composite part (two segments) and one simple part (one segment): 1) Wake-up and scrambling times are absent, and the holographic mutual information is always positive;
2) Wake-up time is absent, but scrambling time is present; 3) Wake-up and scrambling times are present, and a plot of the holographic mutual information has a bell shape; 4) Wake-up and scrambling times are present, and a plot of the holographic mutual information has a two-hump shape;
5) The holographic mutual information is identically equal to zero. We have shown that the holographic mutual information in the symmetric case II is greater or equal to the holographic mutual information in the asymmetric case I (using the second way of comparison). We paid particular attention to finding a special shape of the plot of the holographic mutual information: a double-hump. We have found that this double-hump shape is realized only for quite small ranges of system parameters.
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